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Introduction
NSNS sector in 10D and 4D supergravities

10D standard supergravity: LNSNS
e´2φ

?
|g|
“ Rpgq ` 4pBφq2 ´ H2

2 ,
gmn , bmn , φ, Hmnp “ 3Brmbnps, f a

bc “ 2ea
mBrbem

cs.
Compactification ñ 4D gauged supergravity with Habc, f a

bc

4D gauged supergravity: also non-geometric fluxes Qa
bc,Rabc

all fluxes are components of the embedding tensor
ô some “structure constants” in gauging algebra

hep-th/0508133 by J. Shelton, W. Taylor, B. Wecht
hep-th/0210209, hep-th/0512005 by A. Dabholkar, C. Hull

ñ specific terms in 4D super/scalar potential, X for pheno !
Moduli stabilisation, de Sitter solutions with Qa

bc,Rabc:
hep-th/0607015 by J. Shelton, W. Taylor, B. Wecht, hep-th/0701173 by A. Micu, E. Palti,
G. Tasinato, arXiv:0911.2876 by B. de Carlos, et al, arXiv:1212.4984, arXiv:1301.7073 by

U. Danielsson, et al, arXiv:1302.0529, arXiv:1304.0792 by C. Damian, et al

Terms/fluxes related by 4D T-duality chain

Habc oo
Ta // f a

bc oo
Tb // Qc

ab oo Tc // Rabc

hep-th/0508133, hep-th/0607015 by J. Shelton, W. Taylor, B. Wecht

10D origin of Q and R? Naively not present in LNSNS

+ argued to descend from 10D non-geometric backgrounds...
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10D non-geometry: hep-th/0208174 by S. Hellerman, J. McGreevy, B. Williams
hep-th/0210209 by A. Dabholkar, C. Hull

hep-th/0404217 by A. Flournoy, B. Wecht, B. Williams

A (target) space, divided in patches; fields glue on overlaps:
diffeomorphisms, gauge transformations (point-like symmetries)
Non-geometry: use stringy sym. for gluing, e.g. T-duality.
Fields look ill-defined, global issues ñ no compactification
Two examples: toroidal example and 52

2- or Q-brane.

β-supergravity: local reformulation of LNSNS after field redef.
ãÑ L̃βpf a

bc, Qa
bc, Rabcq , and standard geometry restored

ãÑ allows compactification, uplift of 4D gauged supergravities.
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10D Bianchi identities for fluxes:

dH “ 0ñ BraHbcds ´
3
2 f e

rabHcdse “ 0

d2
“ 0 or dpdea

q “ 0ñ Brbf a
cds ´ f a

erbf e
cds “ 0 “ Ra

rbcds

Properties:
- match Jacobi identities of 4D gauging algebra
- automatically satisfied (locally) with 10D expressions of
fluxes: H “ db and f a

bc “ 2ea
mBrbem

cs

- obtainable from D2
“ 0 with DA “ 2eφpd´H^qpe´φAq

Correction in presence of source: NS5-brane: dH „ vol4 δp4qpr4q

ñ Poisson equation ∆4fH “ cH δp4qpr4q.
Idem for Kaluza-Klein monopole.

Show completely analogous results in β-supergravity for Q,R;
Q-flux is sourced by 52

2- or Q-brane.
D is the Dirac operator associated to the Spinpd, dq ˆ R`
covariant derivative (Generalized Geometry, DFT).

Relation to conditions for supersymmetric vacua with
SU(3)ˆSU(3) structure.
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- match Jacobi identities of 4D gauging algebra
- automatically satisfied (locally) with 10D expressions of
fluxes: H “ db and f a

bc “ 2ea
mBrbem

cs

- obtainable from D2
“ 0 with DA “ 2eφpd´H^qpe´φAq

Correction in presence of source: NS5-brane: dH „ vol4 δp4qpr4q

ñ Poisson equation ∆4fH “ cH δp4qpr4q.
Idem for Kaluza-Klein monopole.

Show completely analogous results in β-supergravity for Q,R;
Q-flux is sourced by 52

2- or Q-brane.

D is the Dirac operator associated to the Spinpd, dq ˆ R`
covariant derivative (Generalized Geometry, DFT).

Relation to conditions for supersymmetric vacua with
SU(3)ˆSU(3) structure.
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β-supergravity
Lagrangian L̃βpf ,Q,Rq
Reformulation of LNSNS via a field redefinition
Build on earlier results: arXiv:1303.0251 by D. A.

arXiv:1106.4015 by D. A., M. Larfors, D. Lüst, P. Patalong

arXiv:1202.3060, arXiv:1204.1979 by D. A., O. Hohm, M. Larfors, D. Lüst, P. Patalong

See also related work in: arXiv:1210.1591, arXiv:1211.0030, arXiv:1304.2784

by R. Blumenhagen, A. Deser, E. Plauschinn, F. Rennecke, C. Schmid

Idea: field redef. pgmn, bmn, φq Ø pg̃mn, β
mn, φ̃q, β antisym.

g̃´1
“ pg ` bq´1gpg ´ bq´1

β “ ´pg ` bq´1bpg ´ bq´1 ô pg ` bq´1
“ pg̃´1

` βq ,
e´2φ̃

e´2φ “

a

|g|
a

|g̃|

ô reparametrization of gen. metric H

, i.e. new gen. vielbein

H “

ˆ

g ´ bg´1b ´bg´1

g´1b g´1

˙

“

ET I E

“

ẼT I Ẽ

“

ˆ

g̃ g̃β
´βg̃ g̃´1

´ βg̃β

˙

E “
ˆ

e 0
e´T b e´T

˙

, Ẽ “
ˆ

ẽ ẽβ
0 ẽ´T

˙

, I “
ˆ

ηd 0
0 η´1

d

˙

,
g “ eTηde

g̃ “ ẽTηd ẽ

β w.r.t. Q, R: motivations from Gen. Complex Geom./sugra
hep-th/0609084, arXiv:0708.2392 by P. Grange, S. Schäfer-Nameki

arXiv:0807.4527 by M. Graña, R. Minasian, M. Petrini, D. Waldram
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, Ẽ “
ˆ
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Apply the field redefinition to LNSNSpg, b, φq

“ L̃βpg̃, β, φ̃q ` Bp. . . q
To see the fluxes, Q, better to use flat tangent space indices

Qc
ab
“ Bcβ

ab
´ 2βdraf bs

cd , Rabc
“ 3βdra∇dβ

bcs

arXiv:0807.4527 by M. Graña, R. Minasian, M. Petrini, D. Waldram
arXiv:1109.0290 by G. Aldazabal, W. Baron, D. Marqués, C. Núñez

L̃β
e´2φ̃

a

|g̃|
“Rpg̃q ` 4pBφ̃q2 ` 4pβab

Bbφ̃´ T a
q

2
´

1
2ηabRacdf b

cd ´
1
12R2

` 2ηabβ
ad
BdQc

bc
´ ηcdQa

acQb
bd
´

1
2ηcdQa

bcQb
ad
´

1
4Q2

Nice structure w.r.t. 4D, with Qa
ab
“ 0

10D theory with non-geometric fluxes (β-supergravity),
uplift of 4D gauged supergravity X
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More structure

For standard ∇m and Levi-Civita connection Γm
np

ẽa
m ẽn

b∇nV m
“ ∇bV a

” BbV a
` ωa

bcV c

ô ωa
bc ” ẽn

bẽa
m
`

Bn ẽm
c ` ẽp

cΓm
np
˘

ωa
bc “

1
2

´

f a
bc ` η

adηcef e
db ` η

adηbef e
dc

¯

There is a new covariant derivative
q∇mV p

“ ´βmn
BnV p

´ qΓmp
n V n , q∇mVp “ ´β

mn
BnVp ` qΓmn

p Vn

2qΓmn
p “ g̃pq pβ

rm
Br g̃nq

` βrn
Br g̃mq

´ βrq
Br g̃mn

q ` 2g̃pq g̃rpm
Brβ

nqq
´ Bpβ

mn

Proceeding similarly for q∇m

ẽm
a ẽb

n q∇nVm “ q∇bVa ” ´β
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bẽa
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bẽa
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n ẽm
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10D examples of non-geometries

Famous toroidal example: NSNS sector:

T3
`H123 oo

T1 // twisted torus pf 1
23q
oo T2 // non´ geometric config.

hep-th/0211182 by S. Kachru, M. B. Schulz, P. K. Tripathy, S. P. Trivedi
hep-th/0303173 by D. A. Lowe, H. Nastase, S. Ramgoolam

g “ h0

¨

˝

1 0 0
0 1 0
0 0 1

h0

˛

‚ , b “ h0

¨

˝

0 ´Kz3 0
Kz3 0 0
0 0 0

˛

‚ , h0pz3
q “

1
1` pKz3q

2

2 patches for S1
z3 , proof that no diffeo. to glue g on overlaps

+ fields glue with T-duality element P O(2,2) ñ non-geometry
arXiv:1402.5972 by D. A. and André Betz

Other example: NS-branes (NSNS backgrounds)

NS5-brane oo
smearing
`T-d.

// KK -monopole oo
smearing
`T-d.

// 52
2 or Q-brane

arXiv:1004.2521, 1209.6056 by J. de Boer and M. Shigemori; arXiv:1109.4484 by
E. A. Bergshoeff, T. Ortin and F. Riccioni; arXiv:1303.1413 by F. Hassler and D. Lüst;

D. Geissbühler, D. Marqués, C. Núñez and V. Penas; T. Kimura and S. Sasaki;
A. Chatzistavrakidis, F. F. Gautason, G. Moutsopoulos and M. Zagermann

ds2
“ ds2

6 ` fQ pdρ2
` ρ2dϕ2

q` f´1
Q

ˆ

1` a2
f2Q

˙´1

pdx2
` dy2

q , b “ . . .

fQpρq “ cst´ 2qπ ln ρ , a “ ´ϕ ρBρfQ

Comparison to the 4D T-duality chain ñ Q-flux ?! Ñ β-sugra
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Ñ β-sugra
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10D examples of non-geometries
Famous toroidal example: NSNS sector:

T3
`H123 oo

T1 // twisted torus pf 1
23q
oo T2 // non´ geometric config.

hep-th/0211182 by S. Kachru, M. B. Schulz, P. K. Tripathy, S. P. Trivedi
hep-th/0303173 by D. A. Lowe, H. Nastase, S. Ramgoolam

g “ h0

¨

˝
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0 1 0
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‚ , b “ h0

¨

˝

0 ´Kz3 0
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0 0 0

˛

‚ , h0pz3
q “

1
1` pKz3q

2

2 patches for S1
z3 , proof that no diffeo. to glue g on overlaps

+ fields glue with T-duality element P O(2,2) ñ non-geometry
arXiv:1402.5972 by D. A. and André Betz
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`T-d.

// 52
2 or Q-brane
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D. Geissbühler, D. Marqués, C. Núñez and V. Penas; T. Kimura and S. Sasaki;
A. Chatzistavrakidis, F. F. Gautason, G. Moutsopoulos and M. Zagermann
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Non-geometry/geometry: global aspects

Field redefinition always possible off-shell/locally
LNSNSpg, b, φq “ L̃βpg̃, β, φ̃q ` Bp. . . q

Global aspects: non-geom.: g geom.: g̃

Toroidal example:

g “ h0

¨

˝

1 0 0
0 1 0
0 0 1

h0

˛

‚ , b “ h0

¨

˝

0 ´Kz3 0
Kz3 0 0
0 0 0

˛

‚ , h0pz3
q “

1
1` pKz3q

2

ãÑ g̃ “

¨

˝

1 0 0
0 1 0
0 0 1

˛

‚ , β “

¨

˝

0 Kz3 0
´Kz3 0 0
0 0 0

˛

‚ , Q3
12
“ K

Geometry restored: T3, Q-flux X.
Similar for Q-brane:
ds̃2

“ ds2
6 ` fQ pdρ2

` ρ2dϕ2
q ` f´1

Q pdx2
` dy2

q , Qϕ
xy
“ ´f´

3
2

Q BρfQ

True for a class of non-geometric/geometric backgrounds:
glue with "β-transforms" P Opn,nq and diffeos.

arXiv:1402.5972 by D. A. and André Betz

β-supergravity has 10D non-geometric fluxes,
it restores geometry ñ alternative description, compactif. X
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Bianchi identities and NS -branes
Bianchi identities for the fluxes

10D standard supergravity: 2BraHbcds ´ 3 f e
rabHcdse “ 0

Brbf a
cds ´ f a

erbf e
cds “ 0

4D, constant fluxes: gaugings of gauged supergravity
rZa,Zbs “ HabcXc

` f c
abZc

rZa,Xb
s “ ´f b

acXc
`Qa

bcZc

rXa,Xb
s “ Qc

abXc
´ RabcZc

hep-th/0508133 by J. Shelton, W. Taylor, B. Wecht

Jacobi identities ô Bianchi identities
3 f e

rabHcdse “ 0

HdrabQf s
ed
` f e

draf d
bf s “ 0

Braf e
bf s ´

1
2Hgaf Rdeg

´
1
2Qg

def g
af ` 2Qragrdf es

f sg “ 0

BraQf s
de
´ βgrd

Bgf es
af

3Rdrghf is
ad ´ 3Qa

drgQd
his
“ 0

BaRghi
´ 3βdrg

BdQa
his
`

3RgrdaQg
bcs
“ 0

2βgrd
BgRabcs

`

10D realisation in β-supergravity (non-constant fluxes), H “ 0
Automatically satisfied with 10D expressions of f ,Q,R
More involved expressions for Bianchi identities

arXiv:1205.1522 by R. Blumenhagen, A. Deser, E. Plauschinn and F. Rennecke
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NS -branes as sources

NS5-brane oo
smearing
`T-d.

// KK -monopole oo
smearing
`T-d.

// 52
2 or Q-brane

NS5-brane: dH „ vol4 δp4qpr4q

BraHbcds ´
3
2 f e

rabHcdse “
CH
4 ε4Kabcd δ

p4q
pr4q

ãÑ Poisson equation: ∆4fH “ cH δp4qpr4q

Source corrections to Bianchi identities
KK -monopole:
Brbf a

cds ´ f a
erbf e

cds “
CK

3 ε3Kbcd ε1||e η
ea δp3qpr3q

see also arXiv:0706.3049 by G. Villadoro and F. Zwirner

Q-brane:
BraQbs

cd
´ βgrc

Bgf ds
ab ´

1
2 Qg

cdf g
ab ` 2Qragrcbds

f sg

“
CQ
2 ε2Kab ε2||ef η

ecηfd δp2qpr2q

On brane solutions ñ Poisson equations
KK -monopole: ∆3fK “ cK δp3qpr3q

Q-brane: ∆2fQ “ cQ δp2qpr2q
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Generalized derivative D
10D standard supergravity: D2

“ 0 ô Bianchi identities
DA “ 2eφpd´H^qpe´φAq

“ 2
`

Ba ¨ ea
^´ 1

2 f c
abea

^ eb
^ ιc ´

1
6 Habcea

^ eb
^ ec

^´Baφ ea
^
˘

A
where V _A “ V aιaA “ 1

pp´1q! V
m1Am1...mpdxm2 ^ . . .^ dxmp

In 4D: hep-th/0607015 by J. Shelton, W. Taylor, B. Wecht
arXiv:0705.3410 by M. Ihl, D. Robbins, and T. Wrase

D7A “
´

´ 1
6 Habc ẽa

^ ẽb
^ ẽc

^´ 1
2 f a

bc ẽb
^ ẽc

^ ιa

´ 1
2 Qc

ab ẽc
^ ιa ιb `

1
6 Rabc ιa ιb ιc

´ 1
2 f a

ab ẽb
^` 1

2 Qa
ab ιb

¯

A
D2
7 “ 0 ô Bianchi identities and 1

3 HabcRabc
` 1

2 f a
abQa

ab
“ 0

Realisation in 10D, for non-geometric fluxes, in β-supergravity:
D “ 2D7` 2 other pieces
D “ 2pBa ¨ ẽa

^`βab
Bb ¨ ιa ´

1
2 f c

ab ẽa
^ ẽb

^ ιc ´
1
2 Qa

bc ẽa
^ ιb ιc

`Qd
dc ιc `

1
6 Rabc ιa ιb ιc ´ Baφ̃ ẽa

^´pβab
Bbφ̃´ T a

q ιaq

DA “ 2eφ̃p∇a ¨ ẽa
^´q∇a

¨ ιa ` T _`R_qpe´φ̃Aq

D Dirac operator for Spinpd, dq ˆ R` cov. derivative:

DΨ “ ΓADAΨ “ ΓA
´

BA `
1
4 ΩA

D
C ΓBCηDB ´

1
2 ΛA

¯

Ψ

ΓA: Clifford algebra: tΓA,ΓB
u “ 2ηAB, use the representation

ΓA : Γa
“ 2ẽa , Γa “ 2ιa, spinor Ψ: polyform
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^ ẽc

^´ 1
2 f a

bc ẽb
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^ ẽb

^ ιc ´
1
2 Qa

bc ẽa
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^´pβab
Bbφ̃´ T a

q ιaq

DA “ 2eφ̃p∇a ¨ ẽa
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^` 1

2 Qa
ab ιb

¯

A
D2
7 “ 0 ô Bianchi identities and 1

3 HabcRabc
` 1

2 f a
abQa

ab
“ 0

Realisation in 10D, for non-geometric fluxes, in β-supergravity:
D “ 2D7` 2 other pieces

D “ 2pBa ¨ ẽa
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^ ẽc

^´ 1
2 f a

bc ẽb
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^´pβab
Bbφ̃´ T a

q ιaq

DA “ 2eφ̃p∇a ¨ ẽa
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SUSY vacua with SU(3)ˆSU(3) structure
For standard supergravity, DA “ 2eφpd´H^qpe´φAq appears for
RR (spinors): F „ DC

, and in conditions for supersymmetric
vacua with SU(3)ˆSU(3) structure:

Killing spinor eq.ô
#

DΦ1 “ 4ε e´Aµ RepΦ2q

DΦ2 “ 6ε e´A i ImpµΦ1q ` RR

where eA
“ constant, |µ|2 „ ´Λ, and

IIA : Φ1 “ Φ` , Φ2 “ Φ´ , ε “ `1 ,
IIB : Φ1 “ Φ´ , Φ2 “ Φ` , ε “ ´1 .

hep-th/0505212, hep-th/0609124 by M. Graña, R. Minasian, M. Petrini and A. Tomasiello

For an SU(3) structure: Φ` „ e´iJ , Φ´ „ Ω3.

In β-supergravity: we derive exactly the same result, with
DΦ “ 2eφ̃

´

d´ q∇a
¨ ιa ` T _`R_

¯´

e´φ̃Φ
¯

.
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4D non-geometric fluxes, 10D non-geometry

β-supergravity: 10D theory with non-geometric fluxes Q,R
non-geometric bckgd of standard supergravity Ñ geometric
ãÑ compactification, uplift of 4D gauged supergravity
10D Bianchi identities, relation to 4D Jacobi identities
Source corrections with NS-branes, Poisson equations.
Reproduced from D2 “ 0, Dirac op. Spinpd, dq ˆ R` cov. der.
SUSY vacua for SU(3)ˆ SU(3) structure with non-geom. fluxes.
Generalized Geometry/Double Field Theory: formalisms that
reproduce standard and β-supergravity; structures: natural.
Spinpd, dq ˆ R` cov. derivative, Lagrangian, e.o.m., SUSY.

Extension beyond the NSNS sector: RR non-geometric fluxes?
exotic D-branes? Exceptional geometry/field theory could help
Additional Bianchi identities ñ R-brane?

ãÑ Get new pheno. interesting backgrounds, de Sitter vacua.
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Reproduced from D2 “ 0, Dirac op. Spinpd, dq ˆ R` cov. der.
SUSY vacua for SU(3)ˆ SU(3) structure with non-geom. fluxes.
Generalized Geometry/Double Field Theory: formalisms that
reproduce standard and β-supergravity; structures: natural.
Spinpd, dq ˆ R` cov. derivative, Lagrangian, e.o.m., SUSY.

Extension beyond the NSNS sector: RR non-geometric fluxes?
exotic D-branes? Exceptional geometry/field theory could help
Additional Bianchi identities ñ R-brane?

ãÑ Get new pheno. interesting backgrounds, de Sitter vacua.
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Generalized Geometry formalism
Opd, dq ˆ R` structure and examples
An Opd, dq ˆR` covariant formalism that reformulates standard
type IIA/B supergravity; we follow and build on

arXiv:1107.1733 by A. Coimbra, C. Strickland-Constable, D. Waldram

See also hep-th/9302036, hep-th/9305073 by W. Siegel

arXiv:1011.4101, arXiv:1111.7293 by O. Hohm, S. K. Kwak

arXiv:1105.6294 by I. Jeon, K. Lee, J.-H. Park

arXiv:1303.6727 by D. S. Berman, C. D. A. Blair, E. Malek, M. J. Perry

arXiv:1304.1472 by D. Geissbühler, D. Marqués, C. Núñez, V. Penas

For M of dim. d, TM: made of frames e̊´T
B, Ba “ e̊m

aBm

Preserving a metric ηd Ñ structure group Opd ´ 1, 1q
Generalize to a 2d "generalized bundle" E with 2d ˆ 2d metric

ηpu{dq “
1
2

ˆ

0 1

1 0

˙

Str. gp Opd, dq; extension by conformal factor Ñ Opd, dq ˆ R`

ãÑ generalized conformal frame: e´2φ̊a
|̊g| E̊A

E » TM‘ T˚M Ñ frame (with generalized vielbein: E̊)

e´2φ̊a
|̊g| E̊´T

ˆ

B

dx

˙
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E » TM‘ T˚M Ñ frame (with generalized vielbein: E̊)

e´2φ̊a
|̊g| E̊´T

ˆ

B

dx

˙

ãÑ up/down (u/d) notation

UA “

ˆ

ua
ua

˙

, V A
“

ˆ

va

va

˙

, ηAB “
1
2

ˆ

0 δb
a

δa
b 0

˙

Examples :

E´T
“

ˆ

e´T e´T b
0 e

˙

, Ẽ´T
“

ˆ

ẽ´T 0
ẽβ ẽ

˙

ãÑ frames (in components):

e´2φa
|g| EA “

#

e´2φa
|g| Ea “ e´2φa

|g| pBa ` babeb
q

e´2φa
|g| Ea

“ e´2φa
|g| ea

e´2φ̃a
|g̃| ẼA “

#

e´2φ̃a
|g̃| Ẽa “ e´2φ̃a

|g̃| Ba

e´2φ̃a
|g̃| Ẽa

“ e´2φ̃a
|g̃| pẽa

` βab
Bbq
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ẽβ ẽ
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Some Opd, dq ˆ R` covariant objects

: generalized derivative
DAV B

“ BAV B
`Ω̂A

B
C V C , Ω̂A

B
C “ ΩA

B
C´ΛAδ

B
C , Λa ” λa , Λa

” ξa

Use some properties of Ω, (fix some components)
pDaV B

qE̊B “pBavb
` Ωa

b
cvc
qE̊b ` pBavb ´ Ωa

c
bvcqE̊b

` ΩabcvcE̊b
´ λaV BE̊B

pDaV B
qE̊B “pB

avb
´ Ωa

c
bvc
qE̊b ` pB

avb ` Ωa
b

cvcqE̊b
` ΩabcvcE̊b ´ ξ

aV BE̊B

Fix BA“ E̊M
A BM , BM “

"

Bm

B
m
” 0

ñ BA “

$

’

&

’

%

Ba

Ba ”
0 for Epbq
βabBb for Ẽpβq

Determine Ω̂ : consider gen. torsion TA
BC (LV )

TABC “ ´3Ω̂rABCs ` Ω̂D
D

BηAC ´ e4d
xe´2d E̊A,LE̊B

pe´2d E̊C qy

Require torsionless: TABC “ 0 ñ Ω̂ fixed in terms of E̊

Epbq ñ
#

pDaV B
qEB “ p∇avb

qEb ` p∇avbqEb
´ 1

3 HabcvcEb
´ λaV BEB

pDaV B
qEB “ 0

Ẽpβq ñ

#

pDaV B
qẼB “ p∇avb

qẼb ` p∇avbqẼb
´ λaV BẼB

pDaV B
qẼB “ ´pq∇avb

qẼb ´ pq∇avbqẼb
` 1

3 RabcvcẼb ´ ξ
aV BẼB

with q∇avb
“ ´βac

Bcvb
` ωQ

ab
c vc , q∇avb “ ´β

ac
Bcvb ´ ωQ

ac
b vc

λa “ 2Baφ̃ , ξa
“ 2pβac

Bcφ̃´ T a
q

Natural appearance of βab
Bb, ωQ, q∇, 2pβac

Bcφ̃´ T a
q “ ξa
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aV BẼB
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qẼb ´ pq∇avbqẼb
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` 1

3 RabcvcẼb ´ ξ
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aV BẼB
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´ λaV BẼB
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` 1

3 RabcvcẼb ´ ξ
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Spinpd, dq ˆ R` cov. derivative and Dirac operator
see also arXiv:1107.0008 by O. Hohm, S. K. Kwak and B. Zwiebach

arXiv:1304.1472 by D. Geissbühler, D. Marqués, C. Núñez, V. Penas

Opd, dq ˆ R` spinor Ψ
DΨ “ ΓADAΨ “ ΓA

´

BA `
1
4 ΩA

D
C ΓBCηDB ´

1
2 ΛA

¯

Ψ

“

´

ΓA
BA `

1
4 ΩA

D
C ΓABCηDB `

1
2 pΩD

D
C ´ ΛC qΓC

¯

Ψ

”

´

D1 `D2 `D3

¯

Ψ
ΓA: Clifford algebra: tΓA,ΓB

u “ 2ηAB, use the Clifford map:

ΓA
“

#

Γa
“ 2ẽa ,

Γa “ 2ιa ,
tẽa, ẽb

u “ 0 , tẽa, ιbu “ δa
b , tιa, ιbu “ 0

ãÑ spinor: polyform

We compute:
Epbq : DA “ 2eφpd´H^qpe´φAq
Ẽpβq : DA “ 2eφ̃p∇a ¨ ẽa

^´q∇a
¨ ιa ` T _`R_qpe´φ̃Aq

D2
“ 0 ô Bianchi identities and f a

abQa
ab
“ 0

Can be understood from RR F ,C , and SUSY.

4D derivative: D7 “ 1
2 D2
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4D derivative: D7 “ 1
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Ẽpβq : DA “ 2eφ̃p∇a ¨ ẽa
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Ẽpβq : DA “ 2eφ̃p∇a ¨ ẽa
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Opd ´ 1, 1q ˆOp1, d ´ 1q structure, L̃β and e.o.m.
Preserve an Opd ´ 1, 1q ˆOp1, d ´ 1q subgroup

ηpu{dq “
1
2

ˆ

0 1

1 0

˙

ÝÝÝÝÝÑrotation η “

ˆ

ηd 0
0 ´ηd

˙

, ηAB “

ˆ

ηab 0
0 ´ηab

˙

Opd, dq elements that preserve diagonal structure
ãÑ reduction to Opd ´ 1, 1q ˆOp1, d ´ 1q
"unbarred-barred" notation, and ẽa

m “ ẽa
m for a “ a

All objects with Opd, dq indices can be rotated + projected

Epbq Ñ EA “

#

Ea “ Ba ` babeb
` ηabeb

Ea “ Ba ` babeb
´ ηabeb

Ẽpβq Ñ ẼA “

#

Ẽa “ Ba ` ηabβ
bc
Bc ` ηabẽb

Ẽa “ Ba ´ ηabβ
bc
Bc ´ ηabẽb

Derivative DAW B for Ẽpβq
$

’

’

’

’

&

’

’

’

’

%

Dawb
“ ∇awb

´ ηad q∇dwb
` 1

6ηadηcf Rdbf wc
´ 1

9 pδ
b
aΛc ´ ηacη

beΛeqwc

Dawb
“ ∇awb

´ ηad q∇dwb
´ 1

2ηadηcf Rdbf wc

Dawb
“ ∇awb

` ηad q∇dwb
´ 1

2ηadηcf Rdbf wc

Dawb
“ ∇awb

` ηad q∇dwb
` 1

6ηadηcf Rdbf wc
´ 1

9 pδ
b
aΛc ´ ηacηbeΛeqwc
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#
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$

’

’

’

’

&

’

’

’

’

%

Dawb
“ ∇awb

´ ηad q∇dwb
` 1

6ηadηcf Rdbf wc
´ 1

9 pδ
b
aΛc ´ ηacη

beΛeqwc

Dawb
“ ∇awb

´ ηad q∇dwb
´ 1

2ηadηcf Rdbf wc

Dawb
“ ∇awb

` ηad q∇dwb
´ 1

2ηadηcf Rdbf wc

Dawb
“ ∇awb

` ηad q∇dwb
` 1

6ηadηcf Rdbf wc
´ 1

9 pδ
b
aΛc ´ ηacηbeΛeqwc



David
ANDRIOT

Introduction

β-supergravity

BI, NS-branes, ...

Conclusion

Opd ´ 1, 1q ˆOp1, d ´ 1q structure, L̃β and e.o.m.
Preserve an Opd ´ 1, 1q ˆOp1, d ´ 1q subgroup

ηpu{dq “
1
2

ˆ

0 1

1 0

˙

ÝÝÝÝÝÑrotation η “

ˆ

ηd 0
0 ´ηd

˙

, ηAB “

ˆ

ηab 0
0 ´ηab

˙

Opd, dq elements that preserve diagonal structure
ãÑ reduction to Opd ´ 1, 1q ˆOp1, d ´ 1q

"unbarred-barred" notation, and ẽa
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Ẽa “ Ba ´ ηabβ
bc
Bc ´ ηabẽb
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m for a “ a

All objects with Opd, dq indices can be rotated + projected

Epbq Ñ EA “

#

Ea “ Ba ` babeb
` ηabeb

Ea “ Ba ` babeb
´ ηabeb
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Consider the associated Spinpd ´ 1, 1q ˆ Spinp1, d ´ 1q structure ,
spinors ε` and ε´

ãÑ spinorial derivatives

DMε
`
“ BMε

`
`

1
4 Ω̂M

b
cηbdγ

dcε` , DMε
´
“ BMε

´
`

1
4 Ω̂M

b
cηbdγ

dcε´

for instance

Daε
`
“

ˆ

∇a ` ηad q∇d
´

1
8ηadηbeηcf Rdef γbc

˙

ε`

Interesting because

´
1
4Sε` “

´

γaDaγ
bDb ´ ηabDaDb

¯

ε` ,
1
2Rabγ

aε` “ rγaDa,Dbsε
`

ãÑ for Epbq, S “ e2φ
?
|g|
pLNSNS ` Bp. . . qq !

For Ẽpβq, we derive S “ e2φ̃
?
|g̃|
pL̃β ` Bp. . . qq

Equations of motion: S “ 0, Rpabq “ 0, Rrabs “ 0

Another interest: supersymmetry, Killing spinor equations...
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